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AERONAUTIC SYMBOLS

1. FUNDAMENTAL AND DERIVED UNITS

I
Metric English
Symbol .
: Unit Abbrevia- Unit Abbreviation
Length_____._ A meter. oo oo m foot (or mile} - ______. ft (or mi)
Time______.. 11 second _ _ o oo S second (or hour)____... sec (or hr)
Foree__._____ F weight of 1 kilogram_____ kg weight of 1 pound._____ 1b
Power_____.._ P horsepower (metrie) . ___ | _...____ horsepower_ - _______.. hp
Speed v {kilometers per hour______ kph miles per hour- . ______ mph
peed. - - - meters per second __ _____ mps feet per second___..___ fps
2. GENERAL SYMBOLS
Weight=mg v Kinematic viscosity
Standard acceleration of gravity=9.80665 m/s* p Density (mass per unit volume)
or 32.1740 ft/sec? Standard density of dry air, 0.12497 kg-m~*-s? at 15° C
Mass——ﬁ—] and 760 mm; or 0.002378 1b-ft™ sec?

Specific weight of “standard” air, 1.2255 kg/m® or
Moment of inertia=mk?. (Indicate axis of 0.07651 lb/cu ft

radius of gyration k£ by proper subscript.)
Coefficient of viscosity

3. AERODYNAMIC SYMBOLS

Area T Angle of setting of wings (relative to thrust line)
Area of wing o Angle of stabilizer setting (relative to thrust
Gap line)
Span Q Resultant moment
Chord Q Resultant angular velocity

2
Aspect ratio, % E Reynolds number, p %l where { is a linear dimen-
True air speed sion (e.g., for an airfoil of 1.0 ft chord, 100

mph, standard pressure at 15° C, the corre-
sponding Reynolds number is 935,400; or for
an airfoil of 1.0 m chord, 100 mps, the corre-
sponding Reynolds number is 6,865,000)

Dynamic pressure, %sz

Lift, absolute coefficient 0L=§LS,

. D Angle of attack
Dra b yail t Cp=—x a ©
rag, absolute coe cent ¥o™7 g8 D € Angle of downwash
Profile drag. absolute coefficient O = —o a Angle of attack, .inﬁnite aspect ratio
rofife drag, absotute COSTHEIENt 20 g8 o Angle of attack, induced
Induced drag, absolute coefficient CDI=% o An-gle of ‘a't'.;tack, absolute (measured from zero-
QD lift position)
Parasite drag, absolute coefficient Up,= q—é’, <Y Flight-path angle

Cross-wind force, absolute coefficient 0c=q%,
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CRITICAL STRESS OF RING-STIFFENED CYLINDERS IN TORSION

By ManvEeL StEiN, J. LYELL SanpeRrs, Jr., and Harorp Crate

SUMMARY

A chart in terms of nondimensional parameters is presented
for the theoretical critical stress in torsion of simply supported
cylinders stiffened by identical equally spaced rings of zero
torsional stiffness. The results are obtained by solving the
equation of equilibrium by means of the Galerkin method.
Comparison of the theoretical results with experimental results
indicates that ring-stiffened cylinders buckle, on the average,
at o buckling stress about 15 percent below thetheoretical buckling
stress.

INTRODUCTION

One of the problems that confronts the aircraft designer is
that of predicting the strength of stiffened shell structures.
The stress conditions to which such structures are subjected
are shear arising from transverse loads or torsion and com-
pression arising from longitudinal loads or bending. As an
approach to the general problem, the case of shear alone was
chosen for investigation.

For unstiffened cylinders, reference 1 shows empirically
that the buckling load in transverse shear is related to the
buckling load in torsion; therefore, the present investigation
was restricted to torsion alone. Because the diagonal type
of buckles that form in the walls of an unstiffened cylinder
in shear or torsion would be more effectively resisted by
circumferential stiffeners than by longitudinal stiffeners, the
particular problem of ring-stiffened cylinders in torsion was
chosen for study. The present report presents the theoretical
and experimental results of that study.

SYMBOLS
d stiffener spacing <-£—>
n+1

1,5,M, D, q integers
n number of stiffener rings
r radius of cylinder
¢ thickness of cylinder skin

displacement of point on middle surface of

cylinder in radial direction, positive outward

x axial coordinate
Y circumferential coordinate
Ay elements of a determinant .
D flexural stiffness of cylinder skin (12—(11%_7,129
E Young’s modulus

897919—51

B Poisson’s ratio
I effective cross-sectional moment of inertia of
stiffener ring
L length of cylinder
5
Z curvature parameter (% V1— #2)
@m,bm,a, b, coefficients in deflection function
2
ks critical-shear-stress coeflicient (T;’?tg
_L
RN
. . . . EI
07 ratio of ring stiffness to plate stiffness Dd
8(x—1d) Dirac delta defined such that
| s@ate—idie=saa)
8y Kronecker delta (6;;=1 if i=7; 6;,=0 if is=27)
2 2. wmip . wiq
Enm—n—l 2 sin ) sin ]
A half wave length of buckles in circumfer-
ential direction
Ter critical shear stress
ot ot ot
o Y il
V=502 au2ayr T oy
v inverse of v* defined by

V4 Vi) =V Vw)=w

RESULTS AND DISCUSSION

When the critical-shear-stress coefficient k£, for a ring-
stiffened cylinder in torsion is known, the critical shear stress
7 can be found by the formula

wD
Tcr':ks —Z‘z't—

where 7., is related to the total torque I' by the formula
T

Tor=os
T 2wrdt

Details for the theoretical solution for the critical-shear-
stress coefficient £, of a ring-stiffened cylinder in torsion are
presented in the appendix. The equation of equilibrium of
cylindrically curved plates (references 2 and 3) was altered
to include an additional term that represents the bending
stiffness of the rings (reference 4); the equation was then

1



2 REPORT 989—NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

solved by means of the Galerkin method (reference 5) for
the buckling-stress coefficient k;. The equation of equilib-
rium used applies to a wide range of curvature from the
limiting case of a flat plate to a slender tube which may buckle
into as few as three waves in the circumferential direction.
The limiting case of a tube buckling into two waves (buckling
into an elliptical cross section) was not considered, since the
equations give unconservative résults in this range and the
dimensions for such stiffened shell structures are not ordi-
narily encountered in aircraft design.

The ring stiffeners are assumed to have no torsional stiff-
ness and to act along a line in the median surface of the plate.
The assumption of zero torsional stiffness usually applies with
little error when open-section stiffeners are used. The as-
sumption that the stiffeners may be considered to act along
a line is applicable when the width of the attached flange is
small in comparison with the stiffener spacing. The assump-
tion that the stiffeners act at the median surface of the plate
is applicable when the attached stiffeners are symmetrically
located with respect to the median surface of the plate,

otherwise the assumption is conservative.

Table 1 gives calculated theoretical values for the critical-
shear-stress coefficient and the corresponding values of stiff-
ness ratio and wave-length ratio for ring-stiffened cylinders
in torsion. Kigure 1 is based on the calculated values given
in table 1. The critical-shear-stress coefficient is given in
figure 1 as a function of the curvature parameter Z, the
number of rings, and the ratio of ring stiffness to the plate
stiffness v. Figure 1 shows that, with increasing ring stiff-
ness, the buckling stress of a ring-stiffened cylinder will in-
crease appreciably up to a limit that depends on the number
of ring stiffeners present. These upper limits are represented
by the horizontal cut-off lines in figure 1 and correspond to
buckling with a node at the stiffeners. Below the limiting
values, the buckling-stress coefficient k; of a cylinder with
two or more rings is essentially independent of the number of
rings present. The values of &, for Z=0 are those given by
reference 6 for longitudinally stiffened infinitely long flat
plates in shear. The values of %k, for y=0 are those given
by reference 2 for unstiffened circular cylinders in torsion.
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F1aure 1.—Theoretical critical-stress coefficients of a ring-stiffened eylinder in torsion.
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TABLE 1.—CRITICAL SHEAR STRESS COEFFICIENTS AND
CORRESPONDING VALUES OF STIFFNESS RATIO AND
WAVE-LENGTH RATIO FOR RING-STIFFENED
CYLINDERS IN TORSION

n=1 n=2
z ks ¥ ] z ke ¥ 8
5 21 187.4 0.325 5 48 2958. 8 0.14
15 47.0 . 443 32 586.1 .21
10 7.71 . 648 15 27.67 .43
10 21.5 53.4 . 585 10 48 640. 9 . 265
17 20.9 .71 32 133.0 . 385
12 4.7 .90 20 22.05 .59
30 26. 5 8.20 1.95 30 51 38.0 .90
21 2.87 1.55 40 16.2 1.03
15 .49 1.75 25 3.18 1.35
102 46 2.79 3.15 102 66 2.97 2.50
40 1.14 2.90 53 1. 50 2.54
33 .36 2.85 40 . 551 2.75
108 216 .92 6.85 108 257 . 650 6.00
190 . 389 6. 36 215 .335 6.00
170 .16 6.25 180 .138 6.10
104 1170 . 608 12.75 104 1400 . 4925 12. 50
1100 . 405 12. 25 1200 . 2835 11.75
950 . 130 11.75 1000 . 1090 11.70
n=3
Z ks ¥ [
10? 100 6.7 2.04
108 310 .74 5.80
104 1600 .48 11.0
n—wo
VA ke ¥ B8
5 85.2 | 86,900 0.078
55 15,100 12
25 647.98 . 264
10 85.2 17,725 15
55 3,154 .23
25 150.71 .485
30 85.2 649 .55
55 132.2 .8
30 17.1 1.2
102 100 25.3 2.0
80 13.38 2.25
45 2. 50 2.57
108 320 3.07 5.5
260 1.73 6.0
200 .71 6.0
10¢ | 1600 1.87 11.0
1350 1.175 11.0
1100 . 541 11.4

For the experimental check on the theory, data were ob-
tained on five cylinders with enough different ring stiffeners
to make fifteen combinations. The nominal cross-sectional
dimensions of these stiffeners are given in figure 2. The
experimental results are given in table 2 in terms of the param-
eters Z, v, 7., and k;. As indicated in the table, data for
4 of the combinations obtained from one cylinder are taken
from reference 7. Data are given in table 2 for 11 additional
combinations obtained from 4 additional cylinders, the re-
sults of which heretofore have not been published.

Comparison of the experimental and theoretical results
presented in figure 3 reveals that the ring-stiffened cylinders

897919—51——2

\ Cylinder numbers
->-3//6x1

——-—-____ 3,4

=3/76 x/
56
TTT-.091x3/4
= 5
T 091x3/8
8
TTT-.091x3/8
L) 9,10
1/2 [ —k— .00
K
3/4
—— 11,12
TT.032x3/g
13
T~ 125x3/4
- 14,15
TT1040x5/g

FIGURE 2.—Nominal dimensions of ring stiffeners of eylinders tested. (One-sidedring
stiffeners are located on inside of cylinder.)

buckled at a stress about 15 percent below the theoretical
values of buckling stress presented in this report. In ref-
erence 2, a comparison between theoretical and experimental
results indicated that simply supported unstiffened cylinders
buckle at stresses averaging about 10 percent below the
theoretical critical stress. Since this reduction, which is based
on a large number of tests on unstiffened cylinders, is of the
same order as the reduction indicated from experiments on
ring-stiffened cylinders, a reasonable conclusion is that ring-
stiffened cylinders in torsion buckle on the average about 15
percent below the theoretical critical stress calculated by the
present method.
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2.—EXPERIMENTAL RESULTS

GIVEN IN TERMS

OF THE PARAMETERS OF THE PRESENT THEORY

[Nominal dimensions of eylinders: L==43 in., r==15 in., {==0.032 in.; dimensions of ring
stiffeners are given in figure 2]

1+ Number Ter

Cylinder of rings z v (0sh) ke
a] 1 3490 79.2 3040 520
b2 3 3490 158.4 3880 665
3 3 3490 61.2 3880 665
a4 7 3490 122.4 5790 991
5 1 3560 2.56 2710 476

6 3 3560 5.12 3310 582

7 1 3600 4.04 2750 504

8 1 3600 1.2 2620 479

9 1 3600 58. 4 2420 443
10 1 3670 61.3 3220 608
11 1 3590 . 059 2310 417
12 3 3590 12 2470 446
13 3 3590 14.2 3960 709
14 3 3590 1.64 3100 657
15 7 3590 3.27 4100 760

a Cylinder 2 of reference 7.
b Cylinder 3a of reference 7.
¢ Cylinder 3b of reference 7.

d Cylinder 4 of refer

ence 7.

CONCLUDING REMARKS

A cylinder in torsion can be appreciably strengthened by
the use of ring stiffeners. Up to certain limiting values, the
buckling-stress coefficient for a simply supported cylinder
stiffened with two or more identical equally spaced rings of
zero torsional stiffness is essentially independent of the num-
ber of rings present and dependent only on the ratio of the
ring stiffness to the plate stiffness. Comparison of the pres-
ent theoretical results with experimental results indicates
that ring-stiffened cylinders buckle, on the average, at a
buckling stress about 15 percent below the theoretical buck-
ling stress obtained by the present method. Proper account
should be taken of this difference if the theoretical results
are used for design purposes.

LANGLEY AERONAUTICAL LLABORATORY,
NarronaL Apvisory COMMITTEE FOR AERONAUTICS,
Lanerey Ar Force Basg, Va., September 14, 1949.
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F16"RE 3.—Comparison of theoretical curves with experimental results for the critical stress of ring-stiffened cylinders in torsion.



APPENDIX
THEORETICAL SOLUTION

The eritical shear stress at which buckling occurs in a ring-
stiffened cylindrical shell may be found by solving the
equation of equilibrium.

Equation of equilibrium.—The equation of equilibrium of
a ring-stiffened cylinder in torsion with small radial displace-
ments is
o'w ~, Ofw . O%w

(A1)

1,
Viw +% v

in which z is in the axial direction and % is in the circum-
ferential direction. This equation is the equation of
reference 3 for torsion of a cylinder with the third term
added to represent the radial restoring force due to the
bending stiffness of the stiffeners. (See reference 4.) The
stiffeners are assumed to act in the median surface of the
cylinder and to have no torsional rigidity.

After division by D and introduction of the relations

2
Z:% V1—pu?
7t L2
k="0D
_EI
""Dd

equation (Al) becomes

1222 w2 02
Viwt+—F v bx‘*+ dZ} o7 “ sz 7«d)+2lcsL2a g)y

(A2)

This equation of equilibrium may be solved by the Galerkin
method in a manner similar to that of references 3 and 5.

Solution for simply supported cylinders with equally spaced
ring stiffeners.—The solution in this case is given by the
infinite series

w=sin =L Z G SIN ——
m=1

L T tcos T¥ 2 Z b sm% (A3)

in which the coefficients a,, and b,, are to be determined.
When this series is substituted in the equation of equilib-
rium, the Galerkin method yields the following two sets of
equations to determine the coefficients:

; ) " (A4)
Mo+ Z=) noed Z)am mi—pi =0 (p=1,2,..)
where

M= [ @+ 2 (s |

n is the number of stiffeners

p-+m is odd

dnpe=-F1 if p—q is a multiple of 2(n+1)
dnpe=—1 if p-+q is a multiple of 2(n+1)
8,2¢=0 if neither or both are true

These equations are consistent if | 44|, the determinant of the
coefficients, vanishes

The determinantal equation (A5) gives the criterion for
buckling where the elements of the determinant are

A M 61]+7r‘8 2 51&11—!—(—' 1)i ;2% (AG)

where §;; is the Kronecker delta. The last term of equa-

tion (A6) is zero unless -7 is odd.
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Sixth-order determinants for the cases n = 1,2, 3, and » are given in the following equations.
to one ring stiffener, the case n=2 corresponds to two ring stiffeners, and so on.

n=1

1 By
% (M1+—8

REPORT 989—NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

10

21
w33y

8k,

_mB%

=3
15

FR N5

Thus,

8%y
8k,

_10
21

_ 7B
8k,

By
8k,

10
21

10
21

_ 8%
8k,

20

e

30
11

L (247

The case n=1 corresponds

5
5

W

)

=0 (A7)
=0 (A8)
=0 (A9)
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n-—> o
U N
: i (0 ﬂéi) 5
0 —% 0

In addition to satisfying equation (A5) for given values of
the curvature parameter Z and the relative-stiffness param-
eter v, k; must be minimized with respect to the wave-
length parameter 8. Thus equation (A5) is solved for %,
for several values of 8 until the minimum %, is obtained.
Sixth-order determinants were used to obtain the results
given in table 1. These results are plotted in figure 1.
Values for Z=0 (flat plate) were obtained from reference 6.

The calculations showed that for cylinders with two or
more ring stiffeners %, may be obtained with sufficient
accuracy by solving equation (A10) which applies for an
infinite number of stiffeners. Equation (A7) should be used,
however, in the case of one stiffener.

The values of the critical-shear-stress coefficient %, derived
in this appendix are to be used up to limiting values which
depend on the number of ring stiffeners present. These
limiting values correspond to the buckling load of a simply
supported cylinder having the same length as the part of
the cylinder contained between ring stiffeners.

4 6
5 0 35
0 —g 0
12 2
7 0 3
3 =0 (A10)
M,+ ﬂ;~7> ——292 0
_20 1 %y 30
5 . (M"+ 8 ) 11
30 1 w33y
0 a & <MG+ " 8-)
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Positive directions of axes and angles (forces and m:cments) are shown by arrows

Axis Moment about axis Angle Velocities
Foree
(tparal_k;l Linear
. : Sym- 0 ax1§ . . Sym- Positive Designa- |Sym-| (compo-
Designation bol symbol | Designation | =f direction | tion bol | nent al )on g Angular
‘l axis

X Rolling..____. L Y——Z  Roll...__. ? % D
Y Pitching _____ M Z——X ¢ Piteh__...__ 9 v q
Z Yawing. ... N X—oY i Yaw . ceoeeee ¥ w r

Absolute coefficients of moment Angle of set of control surface (relative to neutral

O — M C.— N position), 5. (Indicate surface by proper subscript.)
. bogeS v
(rolling) (pitching) (yawing)

4, PROPELLER SYMBOLS

D Diameter . P
p Geometric pitch P Power, absolute coefficient GP:W
D  Pitch ratio . 5 [oV3
l{,{, Enﬂow velocity C, Speed-power coefﬁment:\/ %‘7%
Vs Slipstream velocity - 7 Efficiency
T Thrust, absolute coefficient Cr=—37; n Revolutions per second, rps
i Effective helix angle—tan{ 5o
. ti ix angle=tan~ ( )
Q Torque, absolute coefficient Co= ? ® eotive Aetix angle 2wrn,
ontDP
5. NUMERICAL RELATIONS
1 hp=76.04 kg-m/s=550 ft-lb/sec 1 1b=0.4536 kg
1 metric horsepower=0.9863 hp 1 kg=2.2046 b
1 mph=0.4470 mps 1 mi=1,609.35 m=>5,280 ft

1 mps=2.2369 mph 1 m=3.2808 ft



